
Lecture 8
.
Basics of nodal curves

.

• Normalization
° Line bundles on a nodal acne
e Dualizmg sheaf .

So we go back to the basic Cno family
appears)



§ 1 Normalization
.

Let C : connected nodal curve 1k . In particular
C is reduced .

We can always find a smooth birational model
of C by taking normalization

x : E - c

(ie Spec A G C open , take the integral closure of A .

L l specA : Spec F → Spec A)

⑦ at

€99 -9 cgip.• a,
'

Let D= {pr
,
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, put CC i setof nodes
D- = { an

.
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Let U = C ID ← smooth loans of C .



The canonical map Oc→ 4*2*0 c Is injective .
Also it is an isomorphism on U

.

•→ Oc → ↳ Cee → poet, Kp → o (Eq1)

The morphism dis finite
.

⇒ a* : QGHCCT - Qcoh (C) is exact &

Hice .
F) E Hicc. a *F )

.

Exercise (9) XCOE) = X (Otc ) + u
1973 Let E : connected components of E .

Pak) =L paces ) th' CR ) ← genius
formula !



82
.
Line bundles on a nodal curve .

' when we study dy varieties , the most basic question
is to study Picco .

- when C -
- smooth

, proj variety 1h we saw
Pico CC) e H'OC ro) Ith CC. It )

which Is proper (even projective ! ) over k .

Q) what about a general nodal curve?

Similar exact seq also holds for OE .

I → OE - x*OE -TIL kpx - 1 (Eep)
ultipkcatiue notion .

Taking long exact seq :

z - k
"
→ (k' It → (k×F→ pic cc ) Pic(E)→9

where t -- number of connected components of E .



Example : C =@ be the rational modal curve
→ (E .

B ) = ( pi .19.9' l )
⇒ Choosing a line bdl or C
= choosing a line bundle E on IP

" &
Tsomorpishm

[ =, ISp : g
-

qi → choice = k"

DI Let L be a line bundle on C . The multi degree
of L is the t -tuple

(de
.

- - - dt ) = (dega (2K) , -
- - Hege

,
CAL) ) E Z

't

.

Let Pico CC) a Pic (C ) be the subgroup of
multi degree o line bundles on C



II. Piece ,
Exercise from (Eq2) , show that is

1-s @x)
"-t -"
→ Piece) → PIECE ) → 1

is exact . So if h' Ch -- V - t et > 0
,
Piece) is not

proper ! 1k

Core let L : live bundle on C .

Then

XCL) = dead t t - Pa CC)
= I,di

Pf) Take ④ L with ( Eq2) . It Is still exact . E



§ 3. Duality sheaf of C
Reef i B. Conrad, Grothendieck duality & Base Charge .

(3.11 Definitions
Def A duality sheaf fr C is a coherent sheaf
walk together with a trace map

tr : H ' Cwc) - k

s.t for any E E Gh CC)

Hom (Iwo) x H
'CF) → H'Cwo) t k

gives an isomorphism Hom (F.Wc) - H' CF)
"

.

Facts ① If it exists
,
it is untque .

② For proj variety .
it always exists

③ for a reduced Arne, more is true i

Ext
' CF. Wc) = HEFT .

¢ Sheaf of holo -
If C : smooth . projective 1k , walk = Idk .

differentials

For a nodal acne C ,
j = U = Csm → C

,

[ Welk truck



QI what is the geometric meaning of Hocwc) ?
A) (RosenKoht) 4 can be realized by a meromorphic
differential on E with the residue condition t ?

Let's refine our questor as follows :

tenma walk → j * work = J * ( Rula )
proof ) let K = Ker (walk→ I * I

*Rak ) C 04k

supported on CLU .

⇒ H ' CC ,K) - O .
So

Hom CR
. Welk) e H

' CK)
v
=o ⇒ 72=0

EE

Let I kik : sheaf of meromorphic differentials on C
(ie K = KCC) . j K : Speck → C.dk/ki=J*Rk1k) .

So from the above lemma , walk G) *Run ↳ Ikk

Q't what is the image of Wc ↳ Ikk ?
What is the trace map ?



(3.21 Regular differentials

Let's go back to our normalization

✓ → I c- D E --TI Ki
,
ki -kKT)

⇐ I 14 t
a* aElk - I kik

.

U E c c- D

Recall
.

For any smooth prog
'

aime Xlk , we have the

residue map : for a closed point p EX ,

resp : Skin .

- k tf xp unit
u

( I, ai ti ) - a-a
.

ize

Residietheonay I resp = o

P EXO
↳

Stoke's thin k -- ¢
.

X" set of closed pts .

In fact we can write trc in terms of resp
(see Hartshorne )

.



Det A sheaf of regular differentials WEIK is a
Scihsheaf

WIT e a*Rak CDT
st V Tt cc open ,

WEE TV ) = { 2E REID) (d-'V) / PED
,resacntresa.co/

"

residue matching (*,
condition "

Cheats w has the constant rank 1
.

So in portolan
It Is a line bundles on C .



• what is the reason to put condition #I?
Let me try to justify any understanding of) H) :

Interesting things happen at each node
. . so lets

focus around a node PEC .

E- tale locally . C -
- UCF) CAI

.y f
-

- ay
①c. p = KE x.yD¢cxy,

i d Sm
of dim m

we saw that if Coop regular embedding,

Wak = ENI ④ Atop Nap
.

In our case Wak = DIII k Ic ④ OCF) / so
1 HE e

wt. .pe one.pl dT >

So (f) should come from

a- DF = xdy + ydx ⇒ d¥ = - dye
.

dI.p-t@c.p Ldr . dy > lfxdytyda}



There is a map
p :Nak → Walk

which Induces an isomorphism at smooth points , on PED

Pp: Tap → wrap a 1- In ¥F Cmodf)
n

any lift to tap
(well -define be dfndf - o) .

So

Ppcdx) = xdxrdyF - Sp Cdg) = - y donde
F

So one can
"
think" of Wfp as

wi.pn-oi.pl#.FHCIT+Fs
So in the normalization

, Rsg Cy) tresqi (7) = O. XX



§ Trace map

Since Weik' =LKIK at the generic pt of C ,
A- reg

o → W CTI- I kik→peg lpx-CIKlk.to/Wak.p )→ o
*
set of closed pts .

ip :Spec c.p
) → X

neg
→ RKIK -I Opt Rklk.plwak.pt H

'
CC .WE:p) → o

C-

For PEC? we define

resp : Akik.p
- k

, M→ feta. , MsgM)

By Cf) resp kills wreck
-p .

Moreover
,
the composition

neg
I resp

RKIK→ pqjdklk.plwc.lk . p→ k

TS zero by the residue formula .

=D Rsc : H ' Cwf: ) - k



Thue (Rosenlichtl Two coherent subsheaves

Wak i
wETI c j *Much ⇐ Ik Ih)

coincide . and trek = Ksdk Cupto sign)


